Septic Number Fields Which are Ramified Only at One Small Prime  by Brueggeman, Sharon
doi:10.1006/jsco.2001.0440
Available online at http://www.idealibrary.com on
J. Symbolic Computation (2001) 31, 549–555
Septic Number Fields Which are Ramified Only at
One Small Prime
SHARON BRUEGGEMAN
Department of Mathematics, The Ohio State University, Columbus, Ohio 43210, U.S.A.
We find all number fields which can be generated from a degree 7 polynomial satisfying
the conditions that only one prime, p, ramifies and p < 11.
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1. Introduction
When studying the ramification of prime ideals within number fields, we often desire
examples with specific ramification structures. Number fields with a solvable Galois group
can often be constructed by class field theory. Sometimes, a nonsolvable number field may
be constructed from the division points of an elliptic curve whose conductor is the product
of the desired ramified primes. Such curves do not exist for the number fields considered
in this paper.
Gross has conjectured the existence of several number fields with a nonsolvable Galois
group and which are ramified at exactly one prime where that prime is less than 11. For
example, see Gross (1998) for a number field which is only ramified at 5 and possibly has
the Galois group G2(5). The orders of these groups are so large that we wonder if there
is a smaller example.
We find all number fields which are generated by the roots of an irreducible degree 7
polynomial, which are ramified at only one prime, and for which this prime is less than 11.
Using discriminant bounding techniques, we eliminate number fields only ramified at the
primes 2 or 3. The prime 5 may be eliminated by discriminant bounds which depend on
GRH or unconditionally by computer search. It remains to search for degree 7 polynomials
with a 7-power field discriminant. The results will show that Gross’s question has a
negative answer for Galois groups inside S7.
Our computer search incorporates the methods of Jones and Roberts (1998, 1999) and
Pohst (1982). In Section 2, we describe theoretical aspects of targeted Hunter searches.
We discuss our implementation of the search in Section 3, including the algorithm for
calculating discriminants (Schwarz et al., 1994). We present our results in the final sec-
tion.
2. Theory Behind Polynomial Searches
A number field with a nonsolvable Galois group is the splitting field of a polynomial of
degree at least 5. One approach to Gross’s question is to consider number fields arising
from degree 5 polynomials and then proceed to higher degrees. Jones has posted, on his
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website, all degree 5 and 6 number fields which are unramified outside a single prime p
for p = 2, 3, 5 and 7. Since none of these fields have a nonsolvable Galois group, we move
on to degree 7.
In this paper, we let K be the splitting field of a degree 7 (irreducible) polynomial and
we let L = Q(η) be a degree 7 subfield of K where η is a root of the polynomial. First
we eliminate as many cases as possible by discriminant bounding arguments on either
the splitting field or a root subfield.
2.1. discriminant bound arguments
We begin with the following well-known fact about the discriminant, ∆, of a number
field. If p divides ∆ and eP and fP are the ramification index and the inertial degree of
P lying over p, then
vp(∆) ≤
∑
P|p
fP(eP + ePvp(eP)− 1). (∗)
With only one prime to consider, an upper bound on ∆ can easily be determined by
taking the maximal valuation from all the possible ramification structures.
Proposition 2.1. If K is the splitting field of a degree 7 polynomial, then K cannot be
ramified only at 2 nor ramified only at 3.
Proof. Consider a root field L. The minimal absolute discriminant of a degree 7 number
field is 184607 (Schwarz et al., 1994). By the upper bounds from (∗), the maximal absolute
discriminant of L would be 214 or 311 respectively. But each is less than 184607. 2
In the final section, we will comment on a computer search for p = 5 which is similar to
the search for p = 7. In the meantime, we sketch a proof which depends on the generalized
Riemann hypothesis (GRH) for the wild case.
Proposition 2.2. Let K be the splitting field of a degree 7 polynomial. If the GRH holds,
then K cannot be ramified only at 5.
Proof. IfK is tamely ramified at 5 and ∆ is the discriminant of L, then by (∗) v5(∆) < 7.
Hence, |∆| ≤ 56 which is less than 184607.
Now suppose K is wildly ramified at 5 and so G is S7 or A7. Let ∆ be the discriminant
of K. Choose a prime P lying over 5 in OK . Let e be the size of its inertia group, V0. The
wild inertia subgroup, denoted by V1, has order 5. The normalizer of a 5-cycle has order
40 in S7 and 20 in A7. Since V0/V1 is cyclic, e cannot be 40. So e divides 20 and v5(e) = 1.
Modifying (∗) for a Galois extension yields v5(∆) ≤ f(e+ e− 1)g ≤ |G|(2− 1/e). Hence
|∆|1/|G| ≤ 51+1−1/20 ≈ 23.067. On the other hand, the GRH implies that Poitou (1976)
1
|G| ln |∆| ≥
3.801− 20.766
(ln |G|)2 −
157.914(1 + 1/|G|)
(ln |G|)3(1 + pi2(ln |G|)2 )2
 .
We obtain |∆|(1/|G|) ≥ 25.01 and 27.61 respectively. This is a contradiction. 2
It remains to consider p = 7. Note that we already know the existence of some solvable
number fields ramified only at 7, e.g. the splitting field of x7 − 7.
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Proposition 2.3. If K is the splitting field of a degree 7 polynomial and is ramified only
at 7, then the ramification at 7 is wild. Moreover, the discriminant of a root field is
∆(L) = −77, 78, −79, 710, −711, 712, or − 713.
Proof. The minimal absolute discriminant is greater than 76 and, by (∗), v7(∆) ≤ 13.
If K is tamely ramified at 7, then 75 is the largest power of 7 that can divide ∆(L). By
the Stickelberger identity, ∆ ≡ 0, 1 (mod 4). 2
2.2. notation
Let OL be the ring of integers of L and let I be the product of all prime ideals in OL
over primes dividing the discriminant, ∆, of L. Each η ∈ I−Z has a minimal polynomial,
fη(x), in Z[x] with coefficients, ai, defined as
fη(x) = x7 + a1x6 + a2x5 + a3x4 + a4x3 + a5x2 + a6x+ a7.
It will be sufficient to search for polynomials having a root contained in I.
We define some useful expressions in the roots of fη, αi, where 1 ≤ i ≤ 7. Let Sk =∑
i α
k
i be the kth power sum of the roots. Recall that Newton’s relations relate the
coefficients of fη with the power sums,
Sk +
k−1∑
i=1
aiSk−i + kak = 0.
We also need T2 = T2(fη) =
∑
i |αi|2.
2.3. Archimedean bounds
We must reduce the search set of polynomials to a finite set. The coefficients, ai, of fη
are restricted by the quadratic form T2. Hunter provides a bound on T2 which depends
only on the desired discriminant and the trace. The version which we use is a combination
of the targeted search Hunter’s bound in Jones and Roberts (1999) and the improved
Archimedean bound in Jones and Roberts (1998). The differences from the traditional
statement are that we are searching for an η in a proper ideal of OL, and that we can
advantageously restrict the a3 coefficient.
Theorem 2.1. (Jones and Roberts, 1998, 1999) Let L be a degree n, n ≥ 3, prim-
itive number field, i.e. it has no nontrivial proper subfields, with absolute discriminant
∆. Let I be the product of all prime ideals in OL over primes dividing ∆. Let l be the
least positive integer contained in I and let m be the order of OL/I. Let γn be Hermite’s
constant for n-dimensional lattices. Then there exists an element η ∈ I−Z with minimal
polynomial fη such that
T2(fη) ≤ a
2
1
n
+ γn−1
(
m2∆
l2n
)1/(n−1)
,
0 ≤ a1 ≤ l(n− 1), and a3 ≥ a1a2(n− 2)
n
− a1
3(n− 1)(n− 2)
3n2
.
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Table 1. Newton–Ore exponents.
∆ a1 a2 a3 a4 a5 a6 a7 S1 S2 S3 S4 S5
−713 2 2 2 2 2 2 1 2 2 2 2 2
+712 1 2 2 2 2 2 1 1 2 2 2 2
−711 1 1 2 2 2 2 1 1 1 2 2 2
+710 1 1 1 2 2 2 1 1 1 1 2 2
−79 1 1 1 1 2 2 1 1 1 1 1 2
+78 1 1 1 1 1 2 1 1 1 1 1 1
−77 1 1 1 1 1 1 1 1 1 1 1 1
Since the degree of our L is prime, L has no subfields and is automatically primitive.
Since we have reduced to the case where 7 is wildly ramified, our degree 7 extension is
totally ramified. This means, the only P in OL lying over 7 has inertial degree f = 1.
Hence m = |OL/I| = 7f = 7. Clearly l = 7. Finally we need that γ66 = 64/3.
Corollary 2.1. Let L be a degree 7 number field with absolute discriminant 7r. Let I
be the prime ideal of OL lying over 7. There exists an element η ∈ I − Z such that
T2(fη) ≤ U2 = a
2
1
7
+
(
64
3
7r−1
)1/6
,
0 ≤ a1 ≤ 42, and a3 ≥ 57a1a2 −
10
49
a1
3.
2.4. Newton–Ore exponents
Jones and Roberts (1999) define a Newton–Ore exponent, vi, to be the largest integer
such that pvi divides ai for all polynomials fη with η in the search ideal I. For each r,
we determine the minimal powers of 7 for each coefficient to guarantee that 7r divides
the polynomial discriminant. See Table 1.
First, observe that 7 divides a7 since −a7 = Norm(η) ∈ I ⊂ < 7 > ⊂ OL. To de-
termine the required power of 7 for the other ai, we could examine the general degree
7 discriminant formula. A better method is to use the fact that if pi is a uniformizer
with polynomial F (x), then the difference is generated by F ′(pi). Newton’s relations also
determine similar exponents for the power sums Si.
2.5. case elimination
Thus far, there are seven possible traces for each discriminant since a1 is a multiple of
7 and 0 ≤ a1 ≤ 42. Fortunately, we can eliminate over half the cases by simple algebraic
considerations.
Proposition 2.4. If ∆ = −713, then a1 = 0.
Proof. The Newton–Ore exponent of a1 is 2 which means that 49 divides a1 for η ∈ I.
Since a1 ≤ 42, a1 = 0. 2
Proposition 2.5. If ∆ = 712,−79 or 78, then a1 ≤ 14. If ∆ = −711 or 710, then
a1 ≤ 21. Also, if ∆ = −77, then a1 ≤ 7.
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Proof. We use the inequalities for a2 found in Pohst (1982).
a21 − U2
2
≤ a2 ≤
U2 + 35a
2
1
2
.
If a1 = 28 and ∆ = 712, then U2 = 171.01 and hence 306.495 ≤ a2 ≤ 320.705. By the
Newton–Ore exponent, 49 divides a2 but no multiple of 49 lies in this interval. Similarly,
if a1 = 28 and ∆ = −711, then 314.67 ≤ a2 ≤ 312.53. This is a contradiction. For all
other cases, we arrive at similar contradictions of divisibility and order. 2
Remark. If we just use the search ideal version of Hunter’s theorem (Jones and Roberts,
1999), the upper bound on a1 would be 21 instead of 42. Since we attain the better bound
on a1 by other considerations, restricting the a3 coefficient yields considerable savings.
3. Conducting Polynomial Searches by Computer
In this section, we discuss the computer algorithm for conducting our search for poly-
nomials with the properties described in the previous section. Once a relatively small
number of polynomials are output from this process it is easy to find the field discrimi-
nant and Galois group for each polynomial using Pari or Magma.
3.1. determination of coefficient bounds for the polynomial search
The bounds on a1 and a2 were discussed in the previous section. The bounds on the
constant term are well known and we have |a7| ≤ (U2/7)3.5. Given T2 ≤ U2 and a7, the
bounds on the other coefficients are determined by first bounding the power sums, a tech-
nique described by Pohst (1982), and then applying Newton’s relations. Finally we round
the bounds to the nearest power of 7 or 49 as dictated by the Newton–Ore exponent.
There are also some useful loop shortcuts from the literature. We have that additional
condition on a3 given in the statement of Hunter’s theorem. The relation, S−1 = −a6/a7,
between the constant and linear coefficients is extremely valuable. See Pohst (1982) for
other useful inequalities.
Remark. Since completing our search, we learned that much of these methods appear
in Cohen (2000). We refer the reader there for more details.
3.2. description of the main ideas in the discriminant algorithm
To calculate a polynomial discriminant given the coefficients, we implement the algo-
rithm described by Schwarz et al. (1994). It operates on the matrix of power sums and
is based on the quadratic supplement algorithm, similar to Cholesky’s method, found
in Pohst and Zassenhaus (1997). When coded in the “C” programming language, this
algorithm is significantly faster than the computer algebra system Pari. Schwarz et al.
(1994) experienced a factor of ten with their set of polynomials. Unfortunately the dis-
criminants of our polynomials exceed the built-in number types in “C”. Our program
utilizes the arbitrary precision library called “gmp” to handle these large integers. We
experienced only a factor of two improvement over Pari on a 300 MHz UltraSPARC-II
processor and we needed more.
First we modify the original full-precision algorithm to work with integers as small as
possible. Since the Newton–Ore exponents imply that 7 divides each entry of the power
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sum matrix, we can divide 7 from each power sum. The calculated discriminant differs
by a factor of 77 and hence is about 20 bits shorter (base 2 notation). We simply need
to add 7 to the power of 7 in order to obtain the discriminant.
Next we apply an idea from Cohen (1993). To test whether a positive integer n is a
square, one can take its integer square root s and then check to see if n− s2 = 0. Cohen
incorporates number theory pretests to accelerate the process. If x is a square integer
then x is also a square modulo y for all positive integers y. Simply look up x modulo y
in a table of squares. Only if x is a square modulo y for several different values y does
one need to calculate the integer square root.
We need to detect if |∆| is a power of 7 times a square. Choose y so that both 7 and
−1 are squares modulo y. Then check if ∆ is a square modulo y. For simplicity, we take
all y to be prime. By quadratic reciprocity, y ≡ 1 (mod 4) and y ≡ 1, 2, 4 (mod 7). We
choose the smallest primes for each condition, namely, 29, 37 and 53. Finally, we adapt
the polynomial discriminant algorithm to calculate in integers modulo y.
With these pretests, we only need to calculate polynomial discriminants in full integer
precision about an eighth of the time. Now most computations are done on small integers
as opposed to some 20 or 30 base-10 digits long.
We recover some of the loss incurred by the precision library routines. On an unloaded
300 MHz UltraSPARC-II processor, testing three million polynomials, typical to our
search, with pretesting took 205 s or 14634 polynomials per second. Testing the same
three million polynomials using the disc and boundfact commands in Pari took 1732 s
or 1732 polynomials per second (this is not a typo, 17322 ≈ 3 000 000). So we see that our
program is about 8.5 times faster than Pari on polynomials in our search set. The search
took about 2 months on several processors instead of predictably longer than a year.
4. Search Results
At this point, we have finished the first stage of polynomial testing. We have found at
least one representative polynomial for each degree 7 number field with 7-power discrim-
inant. The output still needs to be processed in several ways. The remaining calculations
were performed by Pari.
We eliminate all polynomials which do not satisfy the Hunter bound or are reducible.
Although our defined ranges from Section 3.2 eliminated all but finitely many polynomials
for being beyond the Hunter bound, the method does not eliminate them all. Checking
for irreducibility is very easy most of the time. These polynomials are already Eisenstein
except when 49 divides the constant term.
Finally we make the most time-consuming calculation. For each of the relatively few
polynomials remaining, we compute the field discriminant. For those polynomials with
7-power field discriminant, we determine the Galois group and a minimal polynomial
which generates the same field by the polgalois and polyredabs commands.
4.1. number fields of degree 7 with 7-power discriminant
After eliminating duplicate fields, there are four distinct number fields. These four
fields have three types of Galois group: the Frobenius group of order 42 having Frobenius
kernel of order 7, the dihedral group of order 14, and the cyclic group of order 7. The field
with Galois group C7 is the degree 7 subfield of the 49th cyclotomic field. See Table 2.
Note that all of these fields have a solvable Galois group. Since the methods of the
previous sections located all number fields of degree 7 and 7-power discriminant, we
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Table 2. Number fields ramified only at 7.
∆(L) Gal(K/Q) Generating polynomial of K
−713 F7,6 x7 − 7
+712 C7 x7 − 21x5 − 21x4 + 91x3 + 112x2 − 84x− 97
−711 F7,6 x7 − 14x4 + 7x3 + 28x2 + 21x+ 8
−79 D14 x7 + 7x3 − 7x2 + 7x+ 1
have proved Theorem 4.1. We conclude that Gross’s question has a negative answer for
nonsolvable Galois groups inside S7.
Theorem 4.1. Let K be a number field which is ramified at only a single prime p and
p ≤ 7. Then its Galois group is not isomorphic to PSL(2, 7), A7 or S7.
4.2. search for number fields ramified only at 5
Earlier, we provided a proof, depending on the GRH, that there is no number field
generated by a degree 7 polynomial which is ramified only at 5. In order to remove the
GRH hypothesis, we also conducted a search to locate any of these fields.
There were a few differences from the prime is 7 case. Now the Newton–Ore exponents
measure powers of 5. A degree 7 extension that is wildly ramified at 5 is not totally
ramified and so we have to search two ramification cases. The entry corresponding to
S0 = 7 in the power sum matrix is not divisible by 5. So we cannot use the divide the
discriminant by p7 trick. We choose different primes for the modulo check because now
we desire 5 to be a square modulo y.
A very nice difference is that we have few discriminants to run. Since 58 is less than
the minimal discriminant, we need only run the 59 and 510 discriminants. As expected
the search came up empty in all cases.
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